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The problem of estimating an unknown force driving a linear oscillator is revisited. When using linear
measurement, feedback is often cited as a mechanism to enhance bandwidth, sensitivity or resolution.
We show that as long as the oscillator dynamics are known, there exists a real-time estimation strategy that
reproduces the same measurement record as any arbitrary feedback protocol. Consequently some form of
nonlinearity is required to gain any advantage beyond estimation alone. This result holds true in both
quantum and classical systems, with nonstationary forces and feedback, and in the general case of non-
Gaussian and correlated noise. Recently, feedback enhanced incoherent force resolution has been
demonstrated [E. Gavartin, P. Verlot, and T. J. Kippenberg, Nat. Nano. 7, 509 (2012)], with the
enhancement attributed to a feedback induced modification of the mechanical susceptibility. As a
proof-of-principle, we experimentally reproduce this result through straightforward filtering.
DOI: 10.1103/PhysRevLett.111.103603 PACS numbers: 42.50.Pq, 07.10.Cm
Micro- and nanomechanical oscillators are capable of
ultrasensitive force measurement, allowing precision spin,
charge, acceleration, and field sensing [1–4]. It is well
known that linear feedback control can improve the per-
formance of nonlinear mechanical sensors [5,6]. For
example, in noncontact atomic force microscopy, linear
feedback is commonly used to stabilize the tip-surface
separation, thereby avoiding collisions and suppressing
frequency drifts due to short range forces such as van der
Waals forces [7,8]. Since feedback control modifies the
response of an oscillator to environmental forces it also
appears attractive as a technique to enhance the perform-
ance of linear sensors. For instance, feedback cooling
allows the suppression of thermal noise [9,10], while
feedback tuning of the spring constant can provide
increased mechanical response at the signal frequency
[11]. However, such precision enhancement is prohibited
for linear processes with stationary linear feedback and
uncorrelated Gaussian noise by the well-known principle
of neutrality in linear control theory, which shows that the
accuracy with which the oscillator position can be deter-
mined is independent of feedback [12,13].
Nonstationary processes, non-Gaussian noise, and non-
linear estimation strategies are each found in a range of
linear oscillator-based force sensors. Stroboscopic mea-
surement of impulse forces [14] and variance estimation
of incoherent forces as applied in bolometry [15,16], are
two relevant examples. Linear feedback cooling has
been proposed as a means to enhance the performance of
linear sensors in both cases [14,17] and experimentally
demonstrated in the latter [17]. However, neither proposal
identifies an optimal estimation strategy. This leaves unre-
solved the important question of whether the same, or
improved, sensing enhancement might be achieved without
feedback by applying a better estimation strategy.
Here, we present a straightforward theoretical approach
which shows that, even in the presence of non-Gaussian or
correlated noise and nonstationary processes, a real-time
estimation strategy always exists that reproduces the same
measurement record as any arbitrary linear feedback pro-
tocol [see Fig. 1(a)]. The theory applies to both quantum
and classical oscillators, and to the intrinsically nonlinear
problem of variance estimation [17]. It ultimately provides
a clear set of minimum requirements for feedback to
provide any advantage to force sensing over that possible
with estimation alone. Essentially, some form of nonline-
arity is required in the physical system, which may arise
from the measurement process, feedback loop, signal, or
from the oscillator itself. In the absence of nonlinearities or
uncertainty about the oscillator dynamics, the theory yields
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FIG. 1 (color online). (a) Conceptual diagram comparing
optomechanical force sensing with feedback and filtering.
(b) Experimental schematic. Red (dark gray): fiber interferome-
ter; solid green (light gray): electrical components for feedback
stabilization; dashed green: electrical signal applied to the
microtoroid for application of the incoherent force and feedback.
FPC: fiber polarization controller. MZM: Mach-Zender
Modulator. PM: phase modulator. PI: proportional-integral
controller.
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a filter which allows the estimate that would be obtained
with feedback to be determined causally from the
measurement record without feedback. This precludes
the possibility of any additional sensitivity or resolution
enhancement from feedback in either of the examples
discussed above [14,17] or, indeed, feedback improved
bandwidth [18] in linear force sensors.
To validate the theoretical results, we experimentally
reproduce the effect of feedback enhanced force resolution
achieved in Ref. [17] but replacing feedback with causal
filtering. This demonstrates that the resolution enhance-
ment achieved in that experiment was not due to a
feedback-induced change in coupling of the oscillator to
its the environment. Rather, it arises from using an estima-
tor that performs better for low quality and thus, feedback
cooled, oscillators. By clearly demarcating the circum-
stances in which feedback may advantage force sensing
over estimation alone, our results both clarify a significant
ambiguity in the optomechanics and force sensing com-
munities and contribute towards simplifying experimental
implementations of ultraprecise force sensing with linear
oscillators.
The evolution of a mechanical oscillator [19] can be
described, in both classical and quantum regimes [20] by
the equation of motion
m½ €xþ  _xþ2mx ¼ Fmðt; xÞ þ Factðt; ~xÞ; (1)
where m, , and m are the mass, damping rate, and
resonance frequency, respectively. For compactness, the
combined force Fmðt; xÞ ¼ FTðt; xÞ þ Fsðt; xÞ þ Fbaðt; xÞ
is used, where FTðt; xÞ is a thermomechanical force due
to the coupling of the oscillator to its environment, Fsðt; xÞ
is the signal force and Fbaðt; xÞ is a backaction force due to
the act of measurement. Factðt; ~xÞ is an actuation force used
for feedback where ~xðtÞ ¼ xðtÞ þ Nðt; xÞ is the instanta-
neous measurement record of the oscillator position x, and
Nðt; xÞ is the measurement noise which maybe correlated
to the backaction noise. In general, the forces and mea-
surement noise can all have nonstationary dynamics, non-
Gaussian noise, and nonlinear dependence on the oscillator
position. They can each be linearized by Taylor expanding
around the mean position of the oscillator x and retaining
only zeroth and first order terms (see Supplemental
Material [21]). The zeroth order terms are independent of
fluctuations in the oscillator position, forcing, and mea-
surement noise, and only serve to deterministically shift
the mean position of the oscillator. The first order terms are
each linearly dependent on only one source of fluctuation,
and either act to modify the mechanical susceptibility or
introduce incoherent driving. Higher order terms introduce
nonlinearities and instabilities which can give rise to
detrimental effects such as saturation and nonlinear dis-
sipation [5,22]. By neglecting these higher order terms, we
restrict the analysis to the most general linear oscillator
experiencing linear feedback. It is important to note that
the deterministic shift in mean oscillator position due to
the zeroth order terms can affect the force resolution, for
example, by shifting a cavity optomechanical system onto
optical resonance. However, since this is deterministic, and
known a priori, an equivalent displacement may be made
to the oscillator without feedback by applying a known
external force, as depicted in Fig. 1(a) (see Supplemental
Material [21] for details).
To simplify the analysis and present results most rele-
vant to our experiments, in the main text of the Letter we
consider the common scenario where the mechanical oscil-
lator’s susceptibility is only modified by the feedback force
and, therefore, drop the first order susceptibility modifying
terms in the other forces. We further assume that all
processes involved are stationary. These specific assump-
tions are not necessary for our conclusions, which hold
for the most general linear case, including nonstationary
processes and first order terms (see Supplemental Material
[21]). Under these assumptions, the combined force is
given by Fmðt; xÞ ¼ Fmðt; xÞ and the feedback force is
Factðt; ~xÞ ¼
Z t
1
gðt Þ~xðÞd; (2)
where ~xðÞ ¼ xðÞ þ Nðt; xÞ and gðt Þ is the stationary
feedback kernel describing the filter applied to the mea-
surement record. Enforcing causality, namely gðt Þ ¼ 0
for  > t, simplifies Eq. (2) into the Fourier convolution
Factðt; ~xÞ ¼ gðtÞ  ~xðtÞ. Substitution into Eq. (1) and
Fourier transforming then gives
xðÞ ¼ ðÞ½Fmð; xÞ þ gðÞ~xðÞ; (3)
where ðÞ1 ¼ m½2m 2 þ i is the intrinsic me-
chanical susceptibility [23]. The oscillator position without
feedback can be simply obtained by omitting the feedback
force gðÞ~xðÞ from Eq. (3), x0ðÞ ¼ ðÞFmð; x0Þ,
where the subscript 0 is used to distinguish from the
feedback case.
As discussed earlier, an external force may be applied
to equate the mean positions of the oscillator with and
without feedback. In the case of cavity optomechanics,
this amounts to ensuring identical cavity detunings when
experiments are initiated. With x ¼ x0, the measurement
noise and the common forcing terms with and without
feedback are identical. Substituting for xðÞ and x0ðÞ
in terms of their respective measurement records [e.g.,
xðÞ ¼ ~xðÞ  Nð; xÞ] then gives a completely determi-
nistic equation relating the time domain measurement
records that would be achieved with and without feedback
~xðÞ ¼

1
1 ðÞgðÞ

~x0ðÞ ¼ hðÞ~x0ðÞ; (4)
where hðÞ ¼ 0= is the ratio of the modified mechani-
cal susceptibility 0 to the intrinsic mechanical suscepti-
bility. Therefore, the exact position record that would be
obtained using stationary linear feedback can be retrieved
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straightforwardly by applying the filter hðÞ to the position
record without feedback. This precludes enhancements of
resolution [17], bandwidth [18], or sensitivity beyond that
achievable with estimation alone. Since no constraints are
placed on the statistics of the driving forces ormeasurement
noise, this result is valid even for non-Gaussian noise or if
correlations exist between measurement and process
noise, such as those induced by quantum backaction.
Furthermore, since it applies directly to the measurement
records rather than a specific parameterestimation process
based on them, it holds for both linear and nonlinear esti-
mation processes. We show in the Supplemental Material
[21] that it can be generalized to include linear nonsta-
tionary forcing and feedback as well as modifications to
the mechanical susceptibility due to effects such as opto-
mechanical dynamical backaction [10,24,26]. In this case,
the required filter is more complex and is, in general, non-
stationary but remains causal. Our results are valid in both
the quantum and classical regime and rigorously prove that
no force sensing advantage is provided by linear feedback
onto a linear oscillator with known dynamics.
As clearly outlined, the results derived above do not
apply if nonlinearities are present in the system. This
includes, for example, measurement nonlinearities [18]
and nonlinear interactions with the environment which
result in oscillator frequency drifts [27]. Feedback
enhanced transduction sensitivity has, in fact, recently
been demonstrated in a cavity optoelectromechanical sys-
tem with measurement nonlinearities introduced by radia-
tion pressure backaction [5]. It should also be noted that
enhanced force sensing can be achieved via coherent con-
trol combined with measurement. In optomechanics, for
example, coherent control is predicted to allow the stan-
dard quantum limit of force sensing to be surpassed [28].
Recently, enhanced incoherent force resolution was
experimentally demonstrated [17] by stationary feedback
cooling of a linear oscillator. However, as shown here, no
force resolution enhancement is obtained from this method
over estimation alone. The exact filter equivalent to the
feedback cooling used in Ref. [17] is obtained by substitut-
ing gðÞ ¼ imgf into Eq. (4), where gf represents
the filter’s unitless gain. This filter, denoted hcðÞ, effects
the causal map ~x0  ~x. We demonstrate this experimen-
tally here in a similar system to that of Ref. [17] consisting
of a microtoroidal cavity optomechanical system. An in-
trinsic mechanical mode of the microtoroid is used to
transduce an incoherent electrostatic gradient force applied
by a nearby electrode [29]. A whispering gallery optical
mode of the microtoroid is used to read out the mechanical
motion and thereby determine the variance of the incoher-
ent force.
Our experimental setup is shown in Fig. 1(b). A shot-
noise limited fiber laser at 1550 nm was evanescently
coupled into the whispering gallery mode of the microtor-
oid using a tapered optical fiber. The microtoroid had
major and minor diameters of 60 and 6 m, respectively,
with a 26 m undercut. The mechanical motion of the
microtoroid, which induces phase fluctuations on the trans-
mitted light, was detected interferometrically by beating
with a bright 3.5 mW optical phase reference followed by
shot-noise limited homodyne detection. We actively stabi-
lize the toroid-taper separation using an amplitude modu-
lation technique [30] that maintains a constant coupling
rate into the optical cavity. Pound-Drever-Hall locking was
used to lock the laser frequency to the optical resonance,
which had an intrinsic quality factor of Q0 ¼ 2:6 107. A
50=50 tap off after the microtoroid was used to detect the
cavity transformed amplitude and phase modulation, pro-
viding the error signal for the optical frequency and taper-
toroid separation locks. The interferometer was locked
midfringe via a piezoactuated fiber stretcher that precisely
controls the optical path length in one arm.
The measurement record is acquired from the homodyne
signal by electronic lock-in detection where demodulation
of the photocurrent at the mechanical resonance frequency
allows real time measurement of the slowly evolving
quadratures of motion, denoted IðtÞ and QðtÞ where xðtÞ ¼
IðtÞ cosðmtÞ þQðtÞ sinðmtÞ. Fourier analysis reveals a
mechanical power spectra with peaks corresponding to
microtoroid mechanical resonances. Fig. 2(a) (red) shows
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FIG. 2 (color online). (a) Displacement spectrum at room
temperature [dark gray (red)] and with filtering [light gray
(green)] at gain 2, 8, 34, 72, and 150. Inset top: displacement
spectrum with feedback cooling [black (blue)] and filtering [light
gray (green)] with gain 1. Inset bottom: percentage difference
between filtered and cooled spectrum with equivalent gain.
(b) Force resolution as a function of averaging duration for
thermal [dark gray (red)], feedback cooled [black (blue)], and
filtered spectra [light gray (green)] at gain 1, 2:4, 5, and 10. Solid
line (red): fit to inverse quartic dependence of the force resolu-
tion without filtering or feedback. (c) Force resolution versus
filter gain after 1ms of averaging (green circles) showing good
agreement to theory (dashed line).
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the room temperature Brownian motion of a mechanical
mode with a signal-to-noise ratio of 37 dB and a funda-
mental frequency, damping rate and effective mass of
m ¼ 40:33 MHz,  ¼ 23 kHz, and meff ¼ 7 ng, respec-
tively. The absolute mechanical displacement amplitude
was calibrated via the optical response to a known refer-
ence phase modulation [31].
As shown earlier, applying the filter hcðÞ to the mea-
surement record without feedback should retrieve an iden-
tical measurement record to that obtained with feedback.
Applying this filter to the measurement record, it is pos-
sible to mimic feedback cooling as shown in Fig. 2(a)
(green), where the filter gain gf is varied from 2 to 150.
Extending the gain beyond gf > 30, the mechanical spec-
trum inverts and exhibits squashing, a well known charac-
teristic of high gain feedback cooling [29]. To confirm the
equivalence of the measurement record obtained via feed-
back and filtering, we implement feedback cooling by
applying the homodyne photocurrent to the toroid through
an electrode which generates strong electrical actuation of
the mechanical motion through electrical gradient forces
[32]. This allows the mechanical mode to be cooled
from room temperature by a factor of 2. The upper inset
in Fig. 2(a) shows feedback cooling (blue) and equivalent
gain filtering (shaded green), with the fractional difference
between the feedback and filtering spectra showing no
statistically significant difference (lower inset).
An estimate of the variance of an incoherent force
applied to an oscillator may be obtained by determining
the oscillator’s energy [17]. After averaging time, , the
estimate of the energy is given by E ¼ 1=
R

0 dtIðtÞ2 þ
QðtÞ2. To calculate the ensemble average hEi and the
standard deviation EðÞ of the energy estimate, multiple
independent measurements are made for each . Following
Ref. [17], the energy estimate can be translated into an
estimate of the magnitude of the force with a resolution
given by FðÞ2 ¼ EðÞ=
R1
0 dj0ðÞj2. It is important
to note that this estimation process is not necessarily
optimal. In the case where  > 1=, the force resolution
scales as ðÞ1=4, which appears to motivate the use
of feedback cooling to increase the mechanical decay
rate  [17].
Figure 2(b) (red points) shows the inverse power-law
dependence of the force resolution on averaging duration,
, for our experiments with only thermal driving. As
predicted by our theory, by applying the filter hcðÞ to
the thermal data, it is possible to enhance the force reso-
lution in the same way as feedback cooling. This is shown
in Fig. 2(b) (green) where increasing the filter gain, gf,
provides a clear improvement in force resolution while
consistently maintaining the predicted power-law depen-
dence with respect to averaging time. Figure 2(c) (circles)
shows the force resolution as a function of filter gain taken
for a fixed averaging duration of  ¼ 1 ms. For gains
below gf ¼ 20, the measured force resolution agrees
with the theoretical fit. At higher gains the degradation in
sensitivity arises from squashing of the mechanical power
spectrum. As discussed in the Supplemental Material [21],
this acts to suppress spectral components close to the
mechanical resonance frequency relative to components
further from resonance where shot noise dominates.
To demonstrate the improvement in force resolution
achievable via filtering, we apply a small incoherent elec-
trostatic gradient force to the microtoroid with a magnitude
of approximately 7% of the thermal energy. The ability to
resolve this force against the thermal noise depends on the
averaging time. Only when the standard deviation of the
energy estimate is smaller than the strength of the signal
can the incoherent force be resolved, or equivalently, the
time-integrated sensing noise power must be less than the
signal force noise. The convergence of the thermal energy
estimate with increasing averaging time is shown in
Fig. 3(a) (red). With the addition of the incoherent signal,
the ensemble average is increased without affecting the
error bounds, as shown in Fig. 3(b) (green). At 3 ms, the
error becomes comparable to the energy separation and
the applied incoherent force is resolved. If the filter hcðÞ
is applied, the force resolution is improved, and the time
taken to resolve the applied force decreases, as shown in
Fig. 3(b). The required averaging time decreases as the
estimation gain is increased in good agreement with theory.
At gains gf > 20, the averaging time increases again due to
inversion of the mechanical spectrum and suppression of
the signal relative to shot noise. The inflection point in
Figs. 3(b) and 2(c) shows that, even though thermal noise
dominates shot noise by orders of magnitude at the peak
of the mechanical susceptibility, in incoherent force
sensing, it is shot noise that determines the ultimate force
resolution limit.
The experiments presented here show that feedback and
filtering allow equivalent enhancement in incoherent force
resolution. In this context, the results of Ref. [17] can be
naturally understood to result from using an estimator that
performs better for low quality oscillators. Near-resonant
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FIG. 3 (color online). (a) Normalized energy estimate at room
temperature [light gray (red)], and with addition of incoherent
driving [dark gray (green)]. Solid lines: mean; dashed lines: one
standard deviation error bounds. (b) Averaging time required to
resolve incoherent signal versus filter gain (green circles) show-
ing good agreement to theory (dashed line).
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spectral components of the incoherent force drive the
oscillator more strongly and are, therefore, over-
represented in the measurement. As a result, even though
feedback only applies a reversible transformation to the
measurement record, the force resolution appears to
improve with increasing oscillator linewidth as the estima-
tion becomes more balanced. The stroboscopic feedback
enhanced force sensing scenario proposed in [14] is simi-
larly biased to low quality oscillators. In that case, mea-
surements prior to application of the signal force are used
to precool the oscillator. This improves its initial localiza-
tion in phase space and, thereby, the capacity to resolve
displacements due to external forces. However, the exis-
tence of this prior measurement record is not taken into
account when calculating the signal to noise ratio of force
measurements without feedback. Filtering it appropriately
allows equivalent localization to feedback cooling, though
offset from the origin, and achieves an identical signal to
noise ratio. These examples illustrate the main result of this
Letter that, for a linear oscillator, any advantage in force
measurement arises not through the action of feedback but
rather through measurement and estimation alone. During
review of this paper a comment was published [33] on
Ref. [17] which reaches similar conclusions but limited to
the case of stationary dynamics driven by uncorrelated
white noise.
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